This work presents an analysis of the existing self-contained expressions for the volume dependence of the Grüneisen ratio γ in view of their further application to EOS (equation of state) studies. These expressions are assessed and applied to materials with the major types of chemical bonds. Predictions from regression analysis are compared to existing experimental data sets. All expressions predict with very good accuracy the values of γ at ambient conditions, its volume variation in the low pressure region, but fail to give correct values for its infinite compression limit. A possible reason for this is that all experiments are performed at comparatively low pressures. The interpolation formula by Al'tshuler et al. (1987) and the equation, proposed by Jeanloz (1989) are the best fit to experimental data. A modification to Jeanloz's equation, more convenient for use in shock physics, is proposed in the present work. It could be used jointly with the shock Hugoniot to derive a complete EOS for solids from their response to shock-wave loading.
Introduction
The Grüneisen ratio γ is an important quantity in condensed matter physics, shock physics and geophysics as it often occurs in the research of thermodynamic behavior of matter at high pressures and temperatures.
It may be used to estimate the value of the Debye characteristic temperature (θ D It is also important to predict the melting curve [2, p. 280] . Thermal EOS (equations of state) require knowledge of the Grüneisen ratio as well. In geophysics the value of γ is used to put constraints on geophysically important parameters such as the pressure and temperature dependence of the mantle and core, the adiabatic temperature gradient, and in the geophysical interpretation of Hugoniot data [3] .
The Grüneisen ratio has both a statistical mechanics (microscopic) and thermodynamic (macroscopic) definition. The former relates it to the vibrational frequencies of the atoms in the crystal lattice of a material, and the latter represents it in terms of well-known thermodynamic properties. The experimental determination of γ from its thermodynamic definition implies measurements of thermodynamic properties at high pressures. The experimental determination of the Grüneisen ratio from its microscopic definition is very difficult, since it requires a detailed knowledge of the phonon dispersion spectrum of a material.
Because of the scarce experimental results and the lack of first principle analytic equation, numerous phenomenological expressions for the volume dependence of γ have been reported in literature. They predict a varying dependence of γ as a function of volume and some of them even give different values for it at ambient pressure. Most of them are analyzed in two extensive reviews by Knopoff and Shapiro [4] , and by Anderson [5] . Their accuracies are also compared in recent works by X. Peng et al. [6] and by Cui and Yu [7] . These papers are in the field of geophysics. It is characteristic of them that there is an intrinsic relationship between the expressions for γ, examined there, and the cold or the normal isotherm. Many of these expressions relate γ at atmospheric pressure (P = 0) to the first derivative of the bulk modulus with respect to pressure or volume (B ′ T ). To determine the functional dependence of the Grüneisen ratio on volume is a key problem in shock physics as well. Results from shock-wave experiments provide direct information on the compressional and thermal behavior of metals, ceramics, rocks, and minerals at high pressures and high temperatures. Unfortunately, data points are often sparsely deployed and irregularly distributed. That is why it is a challenge, using this information, to have a go on deriving the complete EOS for solids from their response to shock-wave loading. Have it, one can easily obtain all their thermodynamic properties by simple differentiation.
In this way, it is possible not only to obtain a reliable interpolation tool, but to predict all compressional and thermal properties of solids in the whole high-pressure high-temperature region, attainable by shock-wave loading, standing on a sound physical basis.
One of the ways to derive a complete EOS for solids from their response to shock-wave loading is to use the specific form of this dependence together with the shock Hugoniot. That is why it is important to obtain the form of γ independently of the shock Hugoniot or of an isotherm.
To the author's knowledge, a comparison of the self-contained expressions for the Grüneisen ratio, used in shock physics, has not been performed so far. Therefore, the objective of the present work is to collect the most commonly used expressions for γ and analyze and compare them to existing experimental data. It differs from previous approaches [3, 6, 7, 15] in that:
• there is no intrinsic relationship between the expressions for γ(V ) analyzed here and the shock Hugoniot P H (V ), the cold isotherm P c (V ), or an arbitrary isotherm P T (V ),
• the expressions are applied to materials with various chemical bonds metallic (Cu, ε-Fe, K ), ionic (NaCl ), and covalent (MgO).
The scope of the research with respect to the examined materials and the maximum applied pressure is limited by the availability of experimental data.
The paper is structured as follows. The question about the relation between γ(V ) and P c (V ) is clarified in Sect. (1) . In Sect. (2) the most commonly used self-contained expressions for γ(V ), mentioned above, are considered. In Sect. (3) regression analysis of the experimental datasets is performed with these expressions.The values of γ at ambient conditions γ 0 , and at infinite pressure γ ∞ are treated as free parameters and are determined by the method of least squares. The analysis and the discussion of the results started in Sect. (3) is finalized in Sect. (4) . Also, conclusions are drawn there, and a possible direction for continuing the research is outlined.
The Grüneisen ratio and the cold isotherm
The thermodynamic definition of the Grüneisen ratio represents it in terms of specific heat, thermal expansion coefficient, and bulk modulus
where α is the thermal expansion coefficient, C V -the specific heat at constant volume, C P -the specific heat at constant pressure, B T -the isothermal bulk modulus, and B S -the adiabatic bulk modulus. In terms of its thermodynamic definition γ may be considered the measure of the change of pressure resulting from the increase of internal energy at constant volume. The experimental determination of γ, based on its thermodynamic definition implies the concurrent measurement of the involved thermodynamic properties at high pressures. The statistical mechanics definition relates it to the vibrational frequencies of the atoms in the crystal lattice of a material
where ν i are the 3N vibrational frequencies of the crystal lattice. The volume dependence of all lattice vibrational frequencies is assumed one and the same [1, p. 130], so
In principle, if we knew the interatomic potential, we could calculate the frequency spectrum of the crystal and its change with volume and in this way specify the form of γ(V ). However, this problem is mathematically so complex that has not been solved so far. That is why we have to resort to various model concepts to obtain the volume dependence of γ.
Slater -Landau formula. Slater [18] and Landau [19] derived the following expression for the Grüneisen ratio on the basis of a model of an elastic medium, and assuming that the Poisson ratio does not vary with volume:
where P c = P c (V ) is the cold compression curve. Later Slater [20] and Gilvarry [21] , using the values of the first and second derivatives at zero pressure (derived from Bridgman's data on compressibility) calculated γ from Eq. (4) and compared it to thermodynamic values of the Grüneisen ratio. A good agreement was obtained for the majority of metals.
The Dugdale -MacDonald relation. Dugdale and MacDonald in a short note [22] proposed to modify Eq.(4) and wrote the following expression for the Grüneisen parameter:
However, there were some erroneous assumptions in their reasoning. Subsequently, Rice et al [23] have proposed a somewhat different derivation for Eq. (5). They obtained it for a cubic lattice, assuming that all force constants depend on volume in the same way. The values of γ, obtained from Eq. (5) at zero pressure, are in good agreement with the thermodynamic values of γ 0 . The Grüneisen ratio in the free volume approximation. Zubarev and Vashchenko [24] studied the vibration of atoms in the spherically symmetric field of their neighbors (the free volume theory). They have obtained the following expression for the Grüneisen parameter:
Generalized formula for γ. All three equations (4), (5) and (6) can be combined into one
which at m = 0 turns into Eq. (4), for m = 1 into Eq. (5), and for m = 2 into Eq. (6). At atmospheric pressure (taken as P = 0) all expressions for the Grüneisen ratio depend solely on B
(dB T /dP at P = 0).
They give different values for the Grüneisen ratio which are connected to each other by the following relation:
It can be readily seen from Eqs. (4) - (7) that within the framework of these approaches the Grüneisen ratio is a direct function of the chosen cold isotherm, which defines P c as a function of V .
Expressions for γ(V ), independent of the cold isotherm, the normal isotherm, and the shock Hugoniot are considered in the next section.
The Grüneisen ratio in shock physics
There are a plethora of stand-alone expressions for the Grüneisen ratio which predict a varying dependence of γ on volume. Perhaps the most commonly used one is the empirical law
proposed by Anderson [8] , where q is a quantity near unity. In his paper [8] Anderson considers the possible application of Eq.(8) for temperature calculations pertaining to the lower mantle. He points out that a value of q anywhere in the range 0.8 < q < 2.2 is acceptable on the basis of seismic data. Using regression analysis, Anderson shows that the 'γρ q = const' approximation is not sensitive to the choice of q if it is in the above interval. In his opinion this is due to the restricted range of compression, corresponding to the lower mantle. He chooses the simplest function (with q = 1)
and further assumes that γρ = γ 0 ρ 0 .
This expression seems to be the most commonly used in shock physics. As to its validity it is usually stated that Eq. (10) is valid for not very high pressures. Actually, Anderson [8] lays stress on the narrow range of compression, corresponding to the lower mantle, not on the absolute value of the specific pressure. Many authors [9] [10] [11] have combined Eq.(10) with the fact that at large compressions the limiting value of γ for all materials is that of the degenerate electron gas [12] , namely ( 2 3 ), to write down interpolation formulae for the volume variation of γ. Some of these are
Al'tshuler et al. [13] have proposed the following expression:
where
for all elements except alkali elements, for which γ ∞ = 1 2
. In Eqs. (11) - (14) a is a material dependent constant, σ = ρ/ρ 0 , m = γ 0 /(γ 0 − γ ∞ ), and γ 0 and γ ∞ are the values of γ at ambient conditions and at infinite pressure, respectively. According to the authors of [13] the logarithmic derivative of Eq. (14) is close to the experimental derivative and the asymptotic values γ ∞ correspond to the quantum-statistical Grüneisen coefficients of the crystal lattice under extreme degrees of compression [30] .
Jeanloz [14] , starting from the second Grüneisen ratio,
assumed it to depend on volume only. The particular volume dependence he used is given by
The logarithmic derivative of q,
known as the third Grüneisen ratio, is supposed to be a material-dependent constant.
Then, for the particular volume dependence of γ, Jeanloz obtained
where γ 0 , q 0 , and V 0 are the values of γ, q, and V at ambient conditions. Srivastava and Sinha [15] modify Eq. (18) to introduce in it the infinite compression limit of γ. They assume γ ∞ =( 
Now, following the model of an oscillating lattice of ions in a uniform neutralizing background of electrons, Eq. (19) gives
This equation satisfies the infinite compression limit for γ, i.e. at P → ∞ or V → 0,
). Other researchers [9] [10] [11] [12] have favored for solids γ ∞ =( ) which follows from the degenerate electron gas model. Therefore, Eq.(19) with γ ∞ = ( 
Here I propose a general form of Eq.(18) which incorporates both Eqs. (20) and (21) 
In this equation γ 0 , γ ∞ , and q ′ are treated as free parameters and will be determined by regression analysis of the experimental data sets.
Rice has also derived an expression for γ [16] based on its thermodynamic definition. He makes two assumptions: first, that the Grüneisen ratio γ = V (∂P/∂E ) V is a function of volume only; and second, that the adiabatic bulk modulus B S = −V ((∂P/∂V ) S is also a function of volume only. His expression has the form:
After some rearrangements we obtain:
where ε = 1 − V /V 0 is the dimensionless volume.
Equations (23) and (24) give incorrect value for γ ∞ , i.e. ′ 0 ′ and fail to describe adequately any of the datasets used here. That is why they are excluded from further consideration. The results from the calculations and a comparison of the other expressions are presented in the next section. The values of γ ∞ , obtained by regression analysis, are given careful consideration there as well.
Fitting the expressions for γ(V ) to experimental data
The experimental points for the regression analysis of the models (Eqs. (10) - (14), (18), (20) - (22)) are taken from [13, 17, [25] [26] [27] [28] . In these papers diverse variables are used for the volume dependence of γ ρ/ρ 0 , η = V /V 0 , ε = 1 − V /V 0 . In the present work the relative volume ε = 1 − V /V 0 is introduced in all models. The original and the transformed expressions are given in Tabl. (1) . The constant ( 2 3 ) in Eqs. (11) and (12) is replaced by γ ∞ .
The values of the Grüneisen ratio at ambient conditions γ 0 , γ ∞ the value of γ at P → ∞, the second and the third Grüneisen ratios q and q ′ , and the material constant a are the parameters to be determined from the best fit of the experimental datasets.
The calculated results are presented in Tabls. (2) - (4) and in Figs (1) - (2) along with the experimental data points for comparison.
From Tabls. (2) - (4) and Figs. (1) - (2) we can see that Eqs. (10) - (14), (18), and (20) - (22) are in good agreement with the experimental datasets. In all cases Eqs. (14), (18) , and (22) have the highest and practically coinciding coefficients of multiple determination R 2 and the smallest error in γ. The errors in γ for the other expressions are within the range of the experimental errors and the coefficients of multiple determination R 2 are high enough for the models to be considered adequate. Equation (10) stands aside in this classification. It has noticeably lower R 2 and is the worst in all cases except NaCl . The volume variation of γ for NaCl is adequately described by all models, although a slight departure of the '(γ/V ) = const' approximation can be observed as ε increases (Fig.(2) ).
It can be readily seen from Figs. (1) and (2) that in all cases Eq. (11) and Eq. (13) completely overlap. This might be explained by the fact that both expressions are represented by a linear model.
The infinite compression limit of γ. Four of the considered models Eqs. (11), (12), (14) , and (18) contain γ ∞ (the value of γ at P→ ∞). It is assumed that at infinite pressure (P → ∞) solids become a crystalline one-component plasma, i.e. an oscillating lattice of ions in a uniform neutralizing background of electrons [29, Ch. 17] . A number of theoretical works predict γ = 1 2 for this limiting state of a solid. Kopyshev [30] calculated γ(V ) in the Thomas-Fermi approximation and found γ = ) a more appropriate value of γ ∞ for solids due to the fact that the linear temperature dependence of the electronic specific heat of the degenerate free electron gas dominates over the phonon contribution when the Debye temperature is increased sufficiently. Al'tshuler et al [13] assume 2 3 to be the infinite compression limit of γ for all materials except alkali metals, for which γ ∞ = 1 2 . Unfortunately, none of the expressions for γ(V ), considered in the present work follow either of these constraints at infinite pressure. This can be readily seen from Tabl. (5),
Reference
Expressions for γ
Original equations
In this work Eq.
Anderson [8] 
Bennett et al
Thomson and Lauson [10] 
Al'tshuler et al [13] 
Jeanloz [14] γ = γ 0 exp
Srivastava and Sinha [15] 
This work γ = γ 0 exp ln
Rice [16] . Equation (14), proposed by Al'tshuler et al [13] and Eq.(22) (this work) predict for K values of γ ∞ close to 1 2 . Srivastava and Sinha in their paper [15] have noticed that an infinite compression limit may be obtained from Eq. (18), i.e. Eq. (19) . The values of γ ∞ , calculated from Eq.(19) are also far from theoretical predictions.
Conclusions
The most frequently used self-contained expressions for the volume dependence of the Grüneisen ratio have been considered in the present work and compared to available experimental data for Cu, ε-Fe, K , MgO, and NaCl .
All expressions predict with very good accuracy values for γ at ambient conditions. The 'γρ = const' approximation fails at higher compressions. The expressions proposed by Bennet et al [9] and by Royce [11] are equivalent. The model proposed by Jeanloz [14] , its modification in the present work, and the expression of Al'tshuler et al [13] are the best fits to the experimental data sets. In the author's opinion preference should be given to Jeanloz's model (and its modification, proposed here) because it is based on physical assumptions, whilst the expression of Al'tshuler et al is just an interpolation formula. In view of its possible application to deriving a complete EOS for solids from their response to shock-wave loading Eq. (22) is more convenient to use than Eq.(18) because it contains γ ∞ instead of q 0 , which is not frequently used in shock physics.
With a few exceptions, none of the models, considered here, predict correct values for γ ∞ . According to Young [29, Ch. 17 ] matter approaches its infinite compression state when ρ/ρ 0 ∼10, or, in terms of relative volume ε ∼0.9. If we accept this criterion, we could say that the experimental data sets, used in this work are nearer to the origin of the pressure axis than to P → ∞. In the case of ε-Fe [25] at P = 359.5 GPa (the highest pressure in the experiments considered here) ρ/ρ 0 = 1.684. That is why the predictions for γ ∞ from the regression analysis are not good. In the author's opinion the values for Cu and MgO, obtained from the expression of Bennet et al (Eq.(11)) are sooner random results than correctly predicted values. The case of K is somewhat different. It has a very small bulk modulus 3.09 GPa [27] , i.e. very large compressibility. It is reasonable to accept that the applied pressure drives it nearer to the maximum compression state than the same pressure, applied to the other materials considered here. Also, the values near ( ) are predicted by two of the equations, having the highest coefficient of multiple determination.
It is obvious that experiments at higher pressures are necessary to determine more reliably the infinite compression limit of γ. Computer simulations easily surmount the limitations of laboratory experiments. They could be used to clarify the ability of the considered models to predict the infinite compression limit of γ.
